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Abstract. This article investigates Dehornoy’s monomial representation for
structure groups and Coxeter-like groups of a set-theoretic solution to the

Yang-Baxter equation. Using the brace structure of these two groups and the

language of cycle sets, we relate the irreducibility of monomial representa-
tions to the indecomposability of the solutions. Furthermore, in the case of

an indecomposable solution, we show how to obtain these representations by

induction from explicit one-dimensional representations.

1. Introduction

In 1992, Drinfeld [7] proposed to classify set-theoretical solutions of the Yang–
Baxter equation, that is, couples (X, r) where X is a set and r : X2 → X2 is a
bijective map satisfying the Yang–Baxter equation r12r23r12 = r23r12r23. Here rij
denotes r acting on the i-th and j-th coordinate of X3. In their seminal paper [8],
Etingof, Schedler and Soloviev associated with a solution a structure group G(X, r)
and studied many of its properties in the particular case where r is involutive, i.e.
r2 = idX2 , and non-degenerate, meaning that when writing r(x, y) = (λx(y), ρy(x))
the maps λx and ρy are bijective for all x, y ∈ X. Even in this case, the full classi-
fication of solutions is a very complicated task, but many results concerning their
algebraic properties have been obtained, for instance G(X, r) was proven to be a
Garside group by Chouraqui [3], reminiscing of Artin–Tits group of spherical type.
Later, a Coxeter-like group was constructed by Dehornoy [6], that is, a finite quo-
tient of G(X, r) playing a role akin to finite Coxeter groups for Artin–Tits groups.
Using the fact that this group embeds into the wreath product of a symmetric group
and a cyclic group, he constructed a canonical faithful representation by monomial
matrices.

The current approach to study solutions is by adding an extra structure to the
structure group, making it a brace, following the work of Rump [11, 12]. In this
work, we use brace-theoretic machinery to gain a better understanding of monomial
representations associated with set-theoretic solutions. One fundamental and nat-
ural question to ask is when these representations are irreducible. We will address
this question by showing that indecomposability of solutions and irreducibility of
their associated monomial representations are equivalent properties, with the ex-
ception of indecomposable solutions of Dehornoy class 2.

In Section 2, we give the necessary definitions and properties of the objects
involved: braces, cycle sets, the Coxeter-like groups and Dehornoy’s monomial
representations.

In Section 3, we relate the indecomposability of a solution with the irreducibility
of the monomial representations defined by Dehornoy [6]:

Theorem. Let (X, r) be an involutive non-degenerate solution of the Yang–Baxter
equation of Dehornoy class d. Then the following are equivalent:
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(1) (X, r) is indecomposable.
(2) The monomial representation Θ of the structure group G is irreducible.

If moreover l > 1 or d > 2, then the previous conditions are also equivalent to

(3) The monomial representation Θl of Gl = G/ldG is irreducible.

Furthermore, when d = 2, we give a sufficient numerical condition for the irre-
ducibility of Θ1.

In Section 4, we then show that the representations constructed from an inde-
composable solution are induced from characters of the subgroup Stab(x0), for any
x0 ∈ X. More precisely Θ is induced by the character

∑
x∈X gxx 7→ qgx0 and Θl

by the character
∑

x∈X gxx 7→ exp
(
gx0

· 2iπ
ld

)
.

2. Preliminaries

2.1. Braces. Rump introduced braces in [12] as a generalization of radical rings
in order to study cycle sets. A brace, as reformulated in [2], is a triple (B,+, ◦),
where (B,+) is an abelian group and (B, ◦) is a group such that

a ◦ (b+ c) = a ◦ b− a+ a ◦ c,

for all a, b, c ∈ B, where −a denotes the inverse of a in (B,+). More generally, for
n ∈ Z and a ∈ B, we will denote by na the n-th power of a in (B,+) and by an

the n-th power of a in (C, ◦).
If B is a brace, then the multiplicative group (C, ◦) acts by automorphisms on

the additive group (B,+) via the λ-action, defined as

λa(b) = −a+ a ◦ b.

Example 2.1. If (G,+) is an abelian group, then Triv(G) = (G,+,+) is a brace,
called the trivial brace on G. It is easily seen that trivial braces are characterized
by the property that B◦ acts trivially on (B,+) by means of the λ-action.

A subbrace of a brace B is a subset A ⊆ B that is a subgroup of both (B,+)
and (C, ◦). A left ideal of B is a subset I of B such that I is a subgroup of (B,+),
and λa(I) ⊆ I for all a ∈ B. If additionally, I is a normal subgroup of (C, ◦), one
calls I an ideal. For example, the socle of B,

Soc(B) = kerλ = {b ∈ B | a ◦ b = a+ b for all b ∈ B},

is an ideal of B.

Convention. Throughout the rest of this article, we will suppress ◦ for the multi-
plication in a brace and indicate it by juxtaposition.

2.2. Cycle sets. A cycle set is a non-empty set X with a binary operation (x, y) 7→
x ∗ y such that the left multiplication by x

σx : y 7→ x ∗ y

is a bijection for each x ∈ X and

(x ∗ y) ∗ (x ∗ z) = (y ∗ x) ∗ (y ∗ z)

holds for all x, y, z ∈ X. If additionally, the square map Sq : x 7→ x ∗ x is bijective,
we say that the cycle set is non-degenerate. Recall that a finite cycle set is always
non-degenerate, as proven in [11, Theorem 2].

Convention. This article considers non-degenerate cycle sets only, so we will refer
to non-degenerate cycle sets more briefly as cycle sets.
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A cycle set (X, ∗) is called indecomposable if there are no proper partitions
X = X1 ⊔X2 such that the Xi (i = 1, 2) are closed under the cycle set operation.

It can be shown that any brace (B,+, ◦) becomes a cycle set under the mappings
σb = λ−1

b (b ∈ B). On the other hand, cycle sets give rise to several braces, as well:
for any cycle set (X, ∗), define its permutation group as the subgroup

G(X) = ⟨σx | x ∈ X⟩ ⩽ SymX ,

the latter denoting the symmetric group of permutations on the set X. Recall
that, as proven in [8, Proposition 2.12], X is indecomposable if and only if G(X)
acts transitively on X. Moreover, there is a unique way to equip (G(X), ◦) with an
abelian group operation + that satisfies λx+λy = λxλλ−1

x (y), such that (G(X),+, ◦)
is a brace.

Convention. SymX acts from the left on X, so we mainly use the λ-notation
to express the action of an element g ∈ G(X) on an element y ∈ X by λg(y).
Furthermore, we have the identification λx = σ−1

x and use σ-notation whenever it
is more comfortable to do so.

Note also that in this work, the notation λg for an element g ∈ G(X) or g ∈ G(X)
can appear in two contexts: either it is the action of g on the set X or it is the
λ-action of g by an automorphism of the braces G(X) or G(X). As the λ-action
on these braces is a mere extension of the λ-action on X, there will be no danger
of confusion as it will always be clear which set is acted upon by λg.

Example 2.2. For some n > 0, let X = {x1, . . . , xn} and fix the permutation
cycle σ = (1 2 . . . n). Then the operation xi ∗ xj = xσ(j) turns X into a cycle set,
called a cyclic cycle set. It can be shown that (X, ∗) is an indecomposable cycle
set with permutation group G(X) = ⟨(1 2 . . . n)⟩ ∼= Zn, the cyclic group of order
n. Furthermore, G(X) is a trivial brace when equipped with the canonical brace
structure described above.

With any cycle set (X, ∗) we also associate its structure group

G(X) = ⟨X | (x ∗ y)x = (y ∗ x)y⟩

that contains X, as the canonical map X → G(X), x 7→ x can be shown to be
injective.

Moreover, there is a unique way of defining an addition on G(X) that extends

x+ y = xσx(y) = xλ−1
x (y)

for x, y ∈ X and that provides G(X) with a brace structure (see [1], for instance).
Under the cycle set structure of the thus constructed brace G(X), the embedding
X ↪→ G(X) identifies X with a sub-cycle set of G(X).

Note also that there is a surjective brace homomorphism G(X) → G(X) given by
x 7→ λx which has kernel Soc(G(X)). This implies also that the map λ : X → G(X),
x 7→ λx is a cycle set homomorphism.

An important invariant of a non-degenerate cycle set X that we are going to
use throughout the whole paper is the Dehornoy class. It is the smallest positive
integer d such that dx ∈ Soc(G(X)) for every x ∈ X.

There is also a different interpretation of the Dehornoy class, given in [10]:

Proposition 2.3. The Dehornoy class d of a finite cycle set X is the least common
multiple of the additive orders of the generators λx ∈ G(X) (x ∈ X). Equivalently,
d is the exponent of the group (G(X),+).

Let π(k) denote the set of prime divisors of an integer k. In [9], the following
properties are proven
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Proposition 2.4. Let X be a cycle set of size n and Dehornoy class d. Then d
divides |G(X)| and |G(X)| divides dn, so π(d) = π(|G(X)|).

In particular, if X is indecomposable, then π(n) ⊆ π(d) = π(|G(X)|)

Let X be a cycle set with Dehornoy class d, then for any integer l ⩾ 1, the
additive subgroup ldG(X) = {(ld)g : g ∈ G(X)} ⩽ (G(X),+) is a left ideal of
G(X) that is contained in Soc(G(X)) and therefore, is an ideal of G(X). This
justifies the following definition

Definition 2.5. Let X be a cycle set with Dehornoy class d. Given an integer
l ⩾ 1, we define the Coxeter-like group

Gl(X) = G(X)/ldG(X).

Note that the additive group of Gl(X) is isomorphic to ZX
ld . Also observe that, as

ldG(X) ⊂ Soc(G(X)), the canonical morphism G(X) → G(X) factorizes through
Gl(X), i.e G(X) = Gl(X)/ Soc(Gl(X)).

The importance of the Coxeter-like groups lies in the fact that they play the role
of a germ of the Garside structure on G(X) (see [6]).

Convention. From now on, we will often abbreviate G(X) with G when the context
is clear. The same convention applies to G(X), G(X) and Gl(X).

2.3. Induced representations. Let G be a group, R a commutative ring and V
an R-module. It is well-known that a representation ρ : G → Aut(V ) is equivalent
to an R[G]-module structure on V .

Proposition-Definition 2.6 ([5, §43]). If H is a subgroup of G and V is an

R[H]-module, the induced R[G]-module is defined as IndGHV = R[G]⊗R[H] V .

By the correspondence between representations and modules, the induced repre-
sentation IndGHρ is the representation of G associated with the R[G]-module IndGHV ,
where V is the R[H]-module associated with the representation ρ.

It is well-known that induced representations are connected to systems of im-
primitivity.

Definition 2.7 ([5, §50.1]). Let V be an R[G]-module. A family of R-submodules
(Ui)i∈I of V is a system of imprimitivity if the following three conditions are satis-
fied:

(1) V =
⊕

i∈I Ui,
(2) G permutes the family, i.e. for all i ∈ I, g ∈ G, there is a j ∈ I such that

g · Ui = Uj ,
(3) G acts transitively on the family, i.e. for all i, j ∈ I, there is a g ∈ G such

that g · Ui = Uj .

Proposition 2.8. Let V be an R[G]-module and (Ui)i∈I a system of imprimitivity
thereof. For an i0 ∈ I, let G0 = {g ∈ G : g · Ui0 = Ui0}. Then, by restriction, Ui0

is an R[G0]-module and there is a canonical homomorphism of R[G]-modules

V ∼= IndGG0
Ui0 .

Proof. [5, §50.2]. □

Remark 2.9. Although [5] treats the concept of (systems of) imprimitivity in
terms of modules over group rings over a field, Definition 2.7 and Proposition 2.8
are also valid for group rings over a commutative ring.

Moreover, we decided to change the notation for induced modules in the reference
in favour of the more suggestive notation IndGH .
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2.4. Monomial representation. In 2015, Dehornoy [6] developed a calculus of
words to study structure groups of cycle sets and their Garside structure. In partic-
ular, give n a cycle set X, he deduces the existence of a monomial representation of
its structure group Θ : G(X) → MX(C(q)), where MX(C(q)) is the ring of matrices
with entries in C(q) indexed by X×X. Moreover, he shows that this representation
descends to a representation of the Coxeter-like group G when specializing q to a
d-th root of unity ζd, where d is the Dehornoy class of X.

Given a permutation σ ∈ SymX , we write Pσ = (Pij)i,j∈X for its permutation
matrix whose entries are given by

Pij =

{
1 i = σ(j)

0 i ̸= σ(j).

This matrix acts on a basis vector ei (i ∈ X) as Pσ(ei) = eσ(i). In MX(C(q)) for
x ∈ X, denote by Dx the diagonal matrix diag(1, . . . , 1, q, 1, . . . , 1) with a q on the
x-coordinate. Furthermore, define for x ∈ X the permutation matrix Px = Pλx

and, more generally, Pg = Pλg
for g ∈ G(X).

Theorem-Definition 2.10 ([6], Proposition 5.13). The map X → MX(C(q))
defined by x 7→ DxPx extends to a faithful representation

Θ: G(X) → MX(C(q)).

Let d be the Dehornoy class of X. Then, for any positive integer l, specializing

at q = ζld = e
2iπ
ld yields a faithful representation

Θl : Gl(X) = G(X)/ldG(X) → MX(C)
g · ldG(X) 7→ Θ(g)q=ζld .

Moreover, if g ∈ G(X) is expressed in the brace structure as g =
∑
x∈X

gxx then

Θ(g) can be uniquely written as the product of a diagonal matrix and a permutation
matrix as follows:

(2.1) Θ(g) =

(∏
x∈X

Dgx
x

)
Pλg .

We will denote Dg =
∏

x∈X Dgx
x , so that Θ(g) = DgPg.

The representations Θ, Θl are called the monomial representations of G(X) resp.
Gl(X).

Remark 2.11. In [6], well-definedness and faithfulness of Θl have only been proven
for l = 1. However, an inspection of Eq. (2.1) shows that Θ(g)q=ζld is the identity

matrix if and only if g ∈ ldG(X), which proves that Θl is indeed well-defined and
faithful on Gl = G/ldG.

Convention. Throughout the rest of the article, we will abbreviate G1 with G, and
Θ1 with Θ.

3. Irreducibility

Let X be a cycle set of size n, class d, permutation group G and structure group
G. Recall that σx = λ−1

x , and that |G| divides dn Proposition 2.4.
As G is a brace and (G,+) is generated by X, we can express any g in G as

g =
∑

x∈X gxx with gx ∈ Z (x ∈ X).

Proposition 3.1. If X is a decomposable cycle set, the representations Θ and Θl

are reducible.
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Proof. If X is decomposable, say X = X1 ⊔X2, then the action of G stabilizes the
proper subspaces spanned by X1 and X2 in C(q)X , thus Θ is reducible. The proof
for Θl is exactly the same. □

In the following, we will prove that Θ (i.e. Θ1) is irreducible for most indecom-
posable cycle sets X.

Theorem 3.2. Let X be an indecomposable cycle set of size n and Dehornoy class
d. Θ is irreducible if one of the following conditions is satisfied:

(1) d > 2,
(2) d = 2 and |G(X)| < 2

n
2 .

We provide some machinery first:
Let p be a prime and n > 0. We can always uniquely factorize n = pvm with

v,m ⩾ 0 and p ∤ m. Therefore, one can define the p-valuation vp(n) as the exponent
v in such a factorization.

On the other hand, there is a unique p-adic representation n =
∑∞

i=0 aip
i with

0 ⩽ ai < p for all i ⩾ 0. The p-adic digit sum of n is defined as DSp(n) =
∑∞

i=0 ai.
We will need the following elementary result about the p-valuation of factorials:

Lemma 3.3. For all n ⩾ 0, we have vp(n!) =
n−DSp(n)

p−1 .

Proof. [4, Lemma 4.2.8.]. □

The following estimate for the p-valuation of |G(X)| is now immediate:

Lemma 3.4. Let X be a cycle set of size n. Then, vp(|G(X)|) ⩽ n−1
p−1 for any

prime p.

Proof. As G(X) is a subgroup of SymX , the order |G(X)| divides |SymX | = n! and
therefore,

vp(|G(X)|) ⩽ vp(n!) =
n−DSp(n)

p− 1
⩽

n− 1

p− 1
.

□

Denote the set of invertible diagonal n × n-matrices over a field K by Dn(K).
We will use the following general lemma:

Lemma 3.5. Let n > 0, G be a group and let ρ : G → Dn(K) be a representation.
Let ρ(g) = diag(d1,g, . . . , dn,g) and suppose that for any 1 ⩽ i < j ⩽ n, there is a
g ∈ G such that di,g ̸= dj,g. Then every G-invariant subspace 0 ̸= U ⩽ Kn contains
some unit vector ei.

Proof. Let 0 ̸= U ⊆ Kn be G-invariant and pick 0 ̸= v ∈ U whose support
supp(v) = {i ∈ {1, . . . , n} : vi ̸= 0} is as small as possible. If | supp(v)| = 1, then
v = aei for some 0 ̸= a ∈ K and some index i, and the claim is proven. Suppose
that | supp(v)| > 1 and choose indices i < j with i, j ∈ supp(v). By assumption,
there is a g ∈ G such that di,g ̸= dj,g. Consider the vector w = ρ(g)(v)−dj,gv ∈ U .
As ρ acts by diagonal matrices, it is immediate that supp(w) ⊆ supp(v). For this
vector, we observe:

wi = di,gvi − dj,gvi = (di,g − dj,g)vi ̸= 0;

wj = dj,gvj − dj,gvj = 0.

The first calculation allows us to conclude that w ̸= 0. The other calculation shows
that j ̸∈ supp(w) which implies | supp(w)| ⩽ | supp(v)|−1. But this contradicts the
assumption that the support of v is as small as possible among the nonzero vectors
in U . □
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Lemma 3.6. Let X be an indecomposable cycle set. Furthermore, let U be an
invariant subspace of CX under Θl (resp. an invariant subspace of C(q)X under
Θ). If ex is in U for some x ∈ X, then U = CX (resp. U = C(q)X).

Proof. We will only consider the representation Θ as the proof is similar for Θl.
By indecomposability, for all ey, there exists g ∈ G such that Pgex = ey, therefore
an application of Eq. (2.1) shows that Θ(g)ex = DgPgex = Dgey ∈ U . As Dg is
diagonal, Θ(g)ex is a scalar multiple of ey, so ey ∈ U . It follows that U = C(q)X . □

Proof of Theorem 3.2. Let p be a prime dividing d and write d = mpv with p ∤ m.

Write G
(p)

for the (additive) p-Sylow subgroup of G and consider the p-Sylow

subgroup of the socle, S(p) = Soc(G)(p) ⊆ G
(p)

. Then Θ restricts to a faithful
diagonal representation Θ|S(p) : S(p) → DX(C), such that the diagonal matrices in
the image have pv-th roots of unity on the diagonal.

As (G,+) = ZX
d , it follows that G

(p)
= mG, so we can express each element

g ∈ G
(p)

uniquely as

g =
∑
x∈X

gxmx (∀x ∈ X : 0 ⩽ gx < pv).

Using this notation, we define on X the equivalence relation:

x ∼ y ⇔ ∀s ∈ S(p) : sx = sy.

If x ∼ y and g ∈ G, then for all s ∈ S(p), we also have

sλg(x) = (λ−1
g (s))x = (λ−1

g (s))y = sλg(y).

Here we use the fact that S(p) is a left ideal in G: as Soc(G) is an ideal in G and
S(p), its unique p-Sylow subgroup, is characteristic therein, each λg (g ∈ G) has to

restrict to an automorphism of Soc(G) that leaves S(p) invariant.
Therefore, the equivalence relation ∼ is G-invariant and the classes in X/∼ are

blocks for the action of G on X. In particular, all blocks have the same size. Write
Bx = {y ∈ X : x ∼ y} for x ∈ X.

If ∼ is not a trivial equivalence relation, then |Bx| ⩾ 2 for all x ∈ X which shows
that |X/∼| ⩽ n

2 . As by definition, the coordinates sx are blockwise constant for

s ∈ S(p), and can take pv different values, we conclude that |S(p)| ⩽ p
vn
2 and thus,

vp(|S(p)|) ⩽ vn
2 . This implies that

vp(|G(p)|) = vp

(
|G(p)|
|S(p)|

)
= vn− vn

2
⩾

vn

2

if ∼ is nontrivial. If p > 2, then, by Lemma 3.4, we can estimate

vp(|G(p)|) ⩽ n− 1

p− 1
<

n

2
⩽

vn

2
.

In this case, ∼ is a trivial equivalence relation. If p = 2 and v > 1, we use the same
lemma to conclude that

v2(|G(2)|) ⩽ n− 1 <
vn

2
which again implies that ∼ is trivial. We conclude that if d > 2, we can always find
a prime p|d for which the equivalence relation ∼ is trivial.

Finally, let d = 2, i.e. p = 2 and v = 1, and suppose that |G| < 2
n
2 , then also

|G(2)| < 2
n
2 , therefore

v2(|G(2)|) < n

2
⩽

vn

2
,

and ∼ is trivial.
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We have therefore proven that in both cases considered in the theorem, we can
find a prime p|d such that the associated equivalence relation ∼ is trivial on X.

For s ∈ S(p), Eq. (2.1) implies that Θ(s) is a diagonal matrix with entries
dx,s = ζsxmd = ζsxpv , therefore triviality of ∼ means that for any x, y ∈ X with

x ̸= y, there is an s ∈ S(p) such that dx,s ̸= dy,s.

Let now 0 ̸= U ⊆ CX be a G-invariant subspace with respect to the action of Θ.
As U is, in particular, S(p)-invariant, Lemma 3.5 now tells us that ex ∈ U for some
x ∈ X. But by Lemma 3.6, it follows that U = CX . As U was arbitrary, it follows
that Θ is irreducible in the considered cases. □

It turns out that l = 1 is the only case where indecomposability of X does not
always guarantee that Θl is irreducible. Using way simpler techniques, we can
prove:

Proposition 3.7. Let l be a positive integer. Consider the following assertions:

(i) X is indecomposable
(ii) Θ: G → MX(C(q)) is irreducible
(iii) Θl : Gl → MX(C) is irreducible.

Then the following hold:

a) (ii) ⇔ (i)
b) If l = 1, then (iii) ⇒ (i)
c) If l > 1, then (iii) ⇔ (i).

Proof. (ii) ⇒ (i) and (iii) ⇒ (i) have already been dealt with in Proposition 3.1,
so we are left with proving the implications (i) ⇒ (ii) and, for l > 1, (i) ⇒ (iii).

Suppose that X is indecomposable. Let U be a non-trivial subspace of C(q)X
that is G-invariant. As X is of class d, we see for all x ∈ X that dx ∈ Soc(G)
which implies that Θ(dx) = Dd

x = diag(1, . . . , qd, . . . , 1) with qd ̸= 1 in the position
of x. Considering all matrices Θ(dx) (x ∈ X) proves that for any x, y ∈ X there
is a g ∈ Soc(G) with dx,g ̸= dy,g. By Lemma 3.5, U contains a unit vector ex and
Lemma 3.6 implies that U = C(q)X . Therefore, Θ is irreducible.

If l > 1, we see for x ∈ X that Θl(dx) = diag(1, . . . , ζdld, . . . , 1) with ζdld = ζl ̸= 1
in the position of x. If X is indecomposable, the same line of reasoning can now be
applied to prove the irreducibility of Θl for l > 1. □

Remark 3.8. Only for l = 1, the indecomposability of X does not necessarily
imply the irreducibility of Θ: G → MX(C).

Indeed, consider Example 2.2 for n = 2: in that case, X = {x1, x2} and xi ∗xj =
xσ(j) where σ = (1 2). Then X is of class 2 and furthermore,

Θ(x1) =

(
0 −1
1 0

)
and Θ(x2) =

(
0 1
−1 0

)
= −Θ(x1).

These matrices are simultaneously diagonalizable over C, the eigenvalues being ±i,
so Θ is not irreducible.

We close this section with a number-theoretic application of our results.

Example 3.9. For n > 2, consider the cyclic cycle set X = {x1, . . . , xn} from
Example 2.2 with xi ∗ xj = xσ(j) where σ = (1 2 . . . n). Then X is of class n and

indecomposable. As d = n > 2, Θ is irreducible by Theorem 3.2. Moreover, by
[13, Theorem 5], a representation ρ of a finite group G is irreducible if and only if
1
|G|

∑
g∈G

|Tr(ρ(g))|2 = 1. We now apply this formula to the representation Θ:
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For any g ∈ G, write g =
∑

xi∈X

aixi (0 ⩽ ai < n) and define its length as

ℓ(g) =
∑

xi∈X

ai. Then λg = σ−ℓ(g). Moreover, σk stabilizes a point if and only if k

is a multiple of n, and in this case, λg stabilizes X pointwisely. Thus the trace of

g is non-trivial if and only if n divides ℓ(g) and in this case, Tr(Θ(g)) =
∑n

i=1 ζ
ai

d .

As Θ is irreducible, we have 1
|G|

∑
g∈G

|Tr(Θ(g))|2 = 1. We conclude that

∑
0⩽a1,...,an<n

a1+···+an≡0 mod n

|ζa1

d + · · ·+ ζan

d |2 = nn.

4. Induction

The aim of this section is the description of monomial representations in terms
of induced representations.

We now choose an element x0 ∈ X and define G0 = {g ∈ G | λg(x0) = x0} and

Gl,0 = {g ∈ Gl | λg(x0) = x0} for l ⩾ 1. Recall that we can write any element g in
the structure brace G as g =

∑
x∈X

gxx.

Proposition 4.1. The mapping

c0 : G → Z; g 7→ gx0

satisfies the following property: for g ∈ G0, h ∈ G, we have

c0(gh) = c0(g) + c0(h).

In particular, the restriction c0|G0
: G0 → Z is group homomorphism.

Proof. We have gh = g+λg(h) =
∑
x∈X

gxx+
∑
x∈X

hxλg(x). If g ∈ G0, then λg(x0) =

x0 which implies (λg(h))x0
= hx0

. Thus,

c0(gh) = gx0
+ (λg(h))x0

= gx0
+ hx0

= c0(g) + c0(h),

which proves the first statement. The second statement of the proposition is now
immediate. □

By Proposition 4.1, we can define the character χ0 : G0 → C[q±1] ⊂ C(q) by
g 7→ qc0(g) = qgx0 .

Lemma 4.2. The character χ0 : G0 → C[q±1] descends to a character χl,0 : Gl,0 →
C.

Proof. With the specialization evld : C[q±1] → C; q 7→ ζld, we obtain the character
evldχ0 : G0 → C; g 7→ ζ

gx0

ld . Recall that Gl = G/ldG and ldG ⊆ Soc(G) ⊆ G0.
Thus, evldχ0 factorizes uniquely as χl,0 through the canonical projection G0 ↠
G0/ldG. Furthermore,

ker(G0 → Gl,0) = G0 ∩ ker(G → Gl) = G0 ∩ ldG = ldG.

Thus, G0/ldG = Gl,0 and χl,0 is well-defined. □

For a commutative ring R, a group G and a one-dimensional character χ :
G → R×, we denote by Rχ the R[G]-module that is uniquely defined by the scalar
multiplication rg · s = rχ(g)s.

We can now show that the monomial representations of indecomposable cycle
sets are induced:

Theorem 4.3. Let X be an indecomposable cycle set and x0 be an element of X.
Let (A,Γ,Γ0, ρ, χ, ω) be one of the following:
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a) (C(q), G,G0,Θ, χ0, q)
b)
(
C[q±1], G,G0,Θ, χ0, q

)
c)
(
C, Gl, Gl,0,Θl, χl,0, ζld

)
, for l ⩾ 1.

Then, there is an isomorphism of A[Γ]-modules AX ∼= IndΓΓ0
Aχ where AX is the

A[Γ]-module defined by the monomial representation ρ : Γ → MX(A).

Proof. We only deal with case b) as all other cases follow from a suitable exten-
sion/specialization of scalars. Therefore, writing R = C[q±1], it is easily seen that
for x ∈ X, g ∈ G, we have g · Rex = Reλg(x), therefore G permutes the family of
submodules (Rex)x∈X . As X is indecomposable, G acts transitively on X, therefore
(Rex)x∈X is a system of imprimitivity for the R[G]-module RX . Pick an x0 ∈ X
and observe that

G0 = {g ∈ G : λg(x0) = x0} = {g ∈ G : g · (Rex0) = Rex0},
so Proposition 2.8 implies that there is an isomorphism of R[G]-modules

RX ∼= IndGG0
Rex0

.

We are left with determining the character associated with the R[G0]-module Rx0.
Let g ∈ G0 and write g =

∑
x∈X gxx, then by Eq. (2.1),

g · ex0
= DgPgex0

= Dgex0
= qgx0 ex0

= χ0(g)ex0
.

This proves that Rex0
∼= Aχ0 , as R[G0]-modules. Therefore,

RX ∼= IndGG0
Rχ0 .

□
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